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SZEGO˝ KERNEL ASYMPTOTIC EXPANSION ON STRONGLY PSEUDOCONVEX CR
MANIFOLDS WITH S1 ACTION
HENDRIK HERRMANN, CHIN-YU HSIAO, AND XIAOSHAN LI
ABSTRACT. Let X be a compact connected strongly pseudoconvex CR manifold of dimension
2n + 1, n ≥ 1 with a transversal CR S1 action on X . We establish an asymptotic expansion
for the m-th Fourier component of the Szego˝ kernel function as m → ∞, where the expansion
involves a contribution in terms of a distance function from lower dimensional strata of the
S1 action. We also obtain explicit formulas for the first three coefficients of the expansion.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
Let L be a holomorphic line bundle over a complex manifoldM and let Lk be the k-th ten-
sor power of L. The Bergman kernel is the smooth kernel of the orthogonal projection onto
the space of L2-integrable holomorphic sections of Lk. The study of the large k behaviour of
the Bergman kernel is an important research subject in complex geometry. In the case of a
positive line bundle L over a compact base manifold M , Tian [28] obtained results on the
asymptotic behavior of the Bergman kernel by using peak section methods. Catlin [5] and
Zelditch [30] established the asymptotic expansion of the Bergman kernel by using a funda-
mental result by Boutet de Monvel-Sjo¨strand [3] about the asymptotics of the Szego˝ kernel
on a strongly pseudoconvex boundary. Another proof of the existence of the full asymptotic
expansion for the Bergman kernel was obtained by Berman, Berndtsson and Sjo¨strand [2].
The first named author would like to thank the Institute of Mathematics, Academia Sinica for hospitality, a
comfortable accommodation and financial support during his visits in August 2016 and January 2017.
The second named author was partially supported by Taiwan Ministry of Science of Technology project 104-
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The third author was supported by NSFC No. 11501422 and he also thank the Institute of Mathematics,
Academia Sinica for hospitality during his visit in January 2017.
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Dai, Liu and Ma [7, 8] obtained the full off-diagonal asymptotic expansion and Agmon es-
timates of the Bergman kernel by using the heat kernel method. Their result holds actually
for the more general Bergman kernel of the spinc Dirac operator associated to a positive line
bundle on a compact symplectic manifold. The Bergman kernel asymptotic expansion plays
an important role in many recent research topics, for example, the the existence of canonical
Ka¨hler metrics , Berezin-Toeplitz quantization, equidistribution of zeros of holomorphic sec-
tions and mathematical physics. We refer the reader to the book [21] for a comprehensive
study of the Bergman kernel and its applications and also to the survey [23].
In CR geometry, among those transversally elliptic operators initiated by Atiyah and Singer,
Kohn’s b operator on CR manifolds with S
1 action (R action, torus action) is a natural one
of geometric significance for complex analysts. Recently, we established Morse inequalities
([18], [17]), a local index theorem ([6]) and Kodaira embedding theorem ([13], [16], [20],
[14]) on such manifolds. As in complex geometry, to study further fundamental CR geo-
metric problems (for example, CR Donaldson’s program [10], geometric quantization of CR
manifolds), it is crucial to be able to know the asymptotic behaviour of m-th Fourier com-
ponent of the Szego˝ kernel function. This is the motivation of this work. In this paper, we
establish an asymptotic expansion for m-th Fourier component of the Szego˝ kernel function
as m → +∞, where the expansion involves a contribution in terms of a distance function
from lower dimensional strata of the S1 action. We also obtain explicit formulas for the first
three coefficients of the expansion. It should be mentioned that in [20] (S1-action case)
and [14] (R-action case), we consider a positive CR line bundle L over a compact not neces-
sary strongly pseudoconvex CR manifold X and we sum over the Fourier component of the
Szego˝ kernel function until some k ≥ 1 with values in Lk and we establish an asymptotic ex-
pansion in k for this object. In this work, we replace the existence of a positive CR line bundle
by the strongly pseudoconvexity condition and we can establish an asymptotic expansion for
each Fourier component of the Szego˝ kernel function.
We now formulate the main results. We refer to Section 2 for some notations and terminol-
ogy used here. Let (X, T 1,0X) be a compact connected strongly pseudoconvex CR manifold
with a transversal CR locally free S1 action eiθ (see Definition 2.2), where T 1,0X is a CR
structure of X. Let T ∈ C∞(X, TX) be the real vector field induced by the S1 action and let
ω0 ∈ C∞(X, T ∗X) be the global real one form determined by
(1.1) 〈ω0 , T 〉 = −1, 〈ω0 , u 〉 = 0, ∀u ∈ T 1,0X ⊕ T 0,1X.
Take a rigid Hermitian metric 〈 · | · 〉 on CTX such that T 1,0X ⊥ T 0,1X, T ⊥ (T 1,0X ⊕ T 0,1X),
〈 T | T 〉 = 1 holds (see Definition 2.6 and the discussion after Definition 2.6) and let dvX =
dvX(x) be the volume form on X induced by the rigid Hermitian metric 〈 · | · 〉 on CTX.
Then we get a natural global L2 inner product ( · | · ) on C∞(X). We denote by L2(X) the
completion of C∞(X) with respect to ( · | · ).
Let ∂b : Ω
0,q(X)→ Ω0,q+1(X) be the tangential Cauchy-Riemann operator, q = 0, 1, 2, . . . , n.
For every u ∈ Ω0,q(X), we can define Tu := LTu ∈ Ω0,q(X) (see (2.5) and (3.6)), where
LTu denotes the Lie derivative of u along the direction T . We can check that T∂b = ∂bT on
Ω0,q(X), q = 0, 1, 2, . . . , n. For m ∈ Z, put
C∞m (X) := {u ∈ C∞(X); Tu = imu} .
For each m ∈ Z, set
(1.2) H0b,m(X) :=
{
u ∈ C∞m (X); ∂bu = 0
}
.
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It is well-known that (see Theorem 3.5 in [6]) dimH0b,m(X) <∞. Let fm1 ∈ H0b,m(X), . . . , fmdm ∈
H0b,m(X) be an orthonormal basis for H
0
b,m(X) with respect to ( · | · ). The m-th Fourier com-
ponent of the Szego˝ kernel function is given by
(1.3) Sm(x) :=
dm∑
j=1
∣∣fmj (x)∣∣2 ∈ C∞(X).
For x ∈ X, we say that the period of x is 2π
q
, q ∈ N, if eiθ ◦ x 6= x for every 0 < θ < 2π
q
and
ei
2π
q ◦ x = x. For each q ∈ N, put
(1.4) Xq =
{
x ∈ X ; the period of x is 2π
q
}
and set p = min {q ∈ N; Xq 6= ∅}. It is well-known that if X is connected, then Xp is an open
and dense subset of X (see Duistermaat-Heckman [11]). We denote Xreg := Xp. We call
x ∈ Xreg a regular point of the S1 action. Let Xsing be the complement of Xreg . Assume
X = Xp1
⋃
Xp2
⋃ · · ·⋃Xpt, p =: p1 < p2 < · · · < pt. Put Xsing = X1sing := ⋃tj=2Xpj ,
Xrsing :=
⋃t
j=r+1Xpj , t − 1 ≥ r ≥ 2. Set X tsing := ∅. For x, y ∈ X, let d(x, y) denotes the
standard Riemannian distance of x and y with respect to the given Hermitian metric. Let A
be any subset of X. For x ∈ X, put d(x,A) := inf {d(x, y); y ∈ A} if A 6= ∅, d(x,A) = 0 if
A = ∅. The main result of this work is the following
Theorem 1.1. Let X be a compact connected strongly pseudoconvex CR manifold of dimension
2n + 1, n ≥ 1, with a transversal CR S1 action eiθ. With the notations used above, there are
bj(x) ∈ C∞(X), j = 0, 1, 2, . . ., and ε0 > 0 such that for any r = 1, . . . , t, any differential
operator Pℓ : C
∞(X)→ C∞(X) of order ℓ ∈ N0 and every N ∈ N, there is a CN,Pℓ > 0 such that∣∣∣∣∣Pℓ
(
Sm(x)−
pr∑
s=1
e
2π(s−1)
pr
mi
N−1∑
j=0
mn−jbj(x)
)∣∣∣∣∣
≤ CN,Pℓ
(
mn−N +mn+
ℓ
2 e−mε0d(x,X
r
sing )
2
)
, ∀m ≥ 1, ∀x ∈ Xpr .
(1.5)
Remark 1.2. When m is a multiple of pr, the number
pr∑
s=1
e
2π(s−1)
pr
mi is equal to pr. When m is
not a multiple of pr, the number
pr∑
s=1
e
2π(s−1)
pr
mi is equal to 0.
Corollary 1.3. With the notations and assumptions used in Theorem 1.1, assume that p1 = 1.
For every N ∈ N, there are ε0 > 0 and CN > 0 such that
(1.6)
∣∣∣∣∣Sm(x)−
N−1∑
j=0
mn−jbj(x)
∣∣∣∣∣ ≤ CN
(
mn−N +mne−mε0d(x,Xsing )
2
)
, ∀m ≥ 1, ∀x ∈ Xreg .
Remark 1.4 (Relations to Bergman kernels on orbifolds). It is well-known that a compact
connected strongly pseudoconvex CR manifold X with a transversal CR S1 action can be
identified with the circle bundle of a positive holomorphic orbifold line bundle (L, h) → M
over a compact complex orbifold M such that a rigid Hermitian metric on X induces a Her-
mitian metric on M (see [25], [4], [24]). By this identification the m-th Fourier component
of the Szego˝ kernel function and the Bergman kernel function for the m-th tensor power of L
are equal up to a factor of 2π. Hence the expansion result for Bergman kernels on orbifolds by
Ma–Marinescu ([21], Theorems 5.4.10, 5.4.11, or Dai–Liu–Ma [8], Theorem 1.4 and (5.25)
for a more general version) implies an expansion for the Fourier components of the Szego˝
kernel onX. However, comparing the expansion coming from their result with the expansion
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given in Theorem 1.1, some differences appear. For example, the error term in Theorem 1.1
decreases faster than the error term in [21] when md(x,Xsing)
2 goes to infinity.
It should be mentioned that the results by Dai–Liu–Ma [7, 8, 9] and Ma–Marinescu [21]
work for general complex orbifolds while the setting considered in this work just implies
results for orbifolds with cyclic quotient singularities. However, that kind of setting itself is
interesting. Bergman kernel expansion in that specific case was also considered by Ross–
Thomas ([26], Theorem 1.7). They studied an object called weighted Bergman kernel which
is a finite weighted sum of Bergman kernels for different tensor powers of the orbifold line
bundle L. They proved that this object admits a global asymptotic expansion on M in some
Cr-norm up to some order N where r,N ∈ N depend on the choice of weights. It was shown
by Dai–Liu–Ma [9] that this result can be directly deduced from their work [8].
Remark 1.5. In [13] we proved an embedding result for strongly pseudoconvex CR manifolds
with transversal S1-action using the asymptotics of Szego˝ kernels for positive Fourier compo-
nents. For this reason we also studied the asymptotic behavior of the Szego˝ kernel Sm when
m becomes large. The main difference with respect to the expansion on the irregular part of
X compared to this work is the following: In [13] we fixed a point x0 ∈ Xk, k > 1, then by
the classical result of Boutet de Monvel-Sjo¨strand [3], we have
(1.7) Sm(x0, x0) =
∫ π
−π
∫ ∞
0
eiϕ(x0,e
iθx0)a(x0, e
iθx0, t)dtdθ,
where ϕ is a complex phase function and a(x, y, t) is a classical symbol of type (1, 0) and order
n. By using (1.7), we described the behavior of Sm(x, x0) for x in an open neighborhood of
x0 in X when m goes to infinity. As a consequence we obtained a (point-wise) expansion for
Sm(x0, x0). But with this method, we could not say anything about the asymptotic behavior
of Sm(x, x) and its derivatives in x when m becomes large and x goes to x0. In this work, we
introduce some kind of gluing technique and we formulate and prove a result which covers
that case (see Theorem 1.1) and in addition calculate the first three coefficients in the asymp-
totic expansion of Sm(x, x) (see Theorem 1.6). Furthermore, the results in both works should
be treated independently from each other since the methods of proof are different. In [13]
the starting point is the famous result on general Szego˝ kernels for strongly pseudoconvex CR
manifolds by Boutet de Monvel and Sjo¨rstrand [3], while in this work we use a deep result
on Bergman kernel expansion by Hsiao–Marinescu [15] to obtain our results.
We introduce now the geometric objects used in Theorem 1.6 below. The two form 1
2π
idω0
induces a rigid Hermitian metric 〈 · | · 〉L on CTX (see (3.8)). The Hermitian metric 〈 · | · 〉L
on CTX induces a Hermitian metric on ⊕2n+1r=1 Λr(CT ∗X), also denoted by 〈 · | · 〉L. For u ∈
Λr(CT ∗X), we denote |u|2L := 〈 u | u 〉L. Let x = (z, θ) be canonical coordinates on an open
set D ⊂ X (see Theorem 3.1). Let Z1 ∈ C∞(D, T 1,0X), . . . , Zn ∈ C∞(D, T 1,0X) be as in
(3.1) and let e1 ∈ C∞(D, T ∗1,0X), . . . , en ∈ C∞(D, T ∗1,0X) be the dual frames. The CR rigid
Laplacian with respect to 〈 · | · 〉L is given by
(1.8) △L = (−2)
n∑
j,k=1
〈 ej | ek 〉LZjZk.
It is easy to check that △L is globally defined. Let
(1.9)
1
n!
(
(− 1
2π
dω0)
n ∧ (−ω0)
)
(x) = a(x)dx1 · · · dx2n+1 on D,
where a(x) ∈ C∞(D). The rigid scalar curvature SL is given by
(1.10) SL(x) := △L(log a(x)).
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It is easy to see that SL(x) is well-defined and SL(x) ∈ C∞(X) (see the discussion after
(3.11)). We will show in Theorem 3.5 that SL(x) = 4πR, where R denotes the Tanaka-
Webster scalar curvature with respect to the pseudohermitian structure −ω0.
Let ω1(x), . . . , ωn(x) ∈ C∞(X, T ∗1,0X) be an orthonormal basis for T ∗1,0x X with respect to
the given rigid Hermitian metrci 〈 · | · 〉, for every x ∈ X. DefineΘ(x) := i∑nj=1 ωj(x)∧ωj(x) ∈
C∞(X, T ∗1,1X). Let x = (z, θ) be canonical coordinates on an open set D ⊂ X. Let
(1.11)
1
n!
Θn ∧ (−ω0) = b(x)dx1dx2 · · ·dx2n+1 on D,
where b(x) ∈ C∞(D). Put
(1.12) SΘL (x) := △L(log b(x)),
(1.13) RdetΘ (x) = ∂b∂b log b(x).
We can check that SΘL (x) and RdetΘ (x) are well-defined and SΘL (x) ∈ C∞(X), TSΘL (x) = 0,
RdetΘ (x) ∈ C∞(X, T ∗1,1X). We call RdetΘ the rigid curvature of the determinant line bundle of
T ∗1,0X with respect to the real two form Θ. Note that 〈 · | · 〉 = 〈 · | · 〉L implies SΘL (x) = SL(x).
Let RT
1,0X
L ∈ C∞(X, T ∗1,1X ⊗ End (T 1,0X)) be the rigid Chern curvature with respect to
〈 · | · 〉L (see (3.18)). Set
(1.14)
∣∣∣RT 1,0XL ∣∣∣2
L
:=
n∑
j,k,s,t=1
∣∣∣〈RT 1,0XL (ej, ek)es | et 〉L∣∣∣2 ,
where e1, . . . , en is an orthonormal frame for T
1,0X with respect to 〈 · | · 〉L. The rigid Ricci
curvature with respect to 〈 · | · 〉L is a global (1, 1) form on X given by
(1.15) 〈Ric L , U ∧ V 〉 = −
n∑
j=1
〈RT 1,0XL (U, ej)V | ej 〉L, U, V ∈ T 1,0X,
where e1, . . . , en is an orthonormal frame for T
1,0X with respect to 〈 · | · 〉L.
We denote by R˙ = R˙(x) the Hermitian matrix R˙(x) ∈ End(T 1,0x X) such that for V,W ∈
T 1,0x X we have
(1.16) idω0(x)(V,W ) = 〈 R˙(x)V |W 〉.
Now, we can state our result
Theorem 1.6. With the notations used above, for b0(x), b1(x), b2(x) in Theorem 1.1, we have
(1.17) b0(x) = (2π)
−n−1 det R˙(x), ∀x ∈ X,
(1.18) b1(x) = (2π)
−n−1 det R˙(x)
( 1
4π
SΘL −
1
8π
SL
)
(x), ∀x ∈ X,
b2(x) = (2π)
−n−1 det R˙(x)
( 1
128π2
(SL)
2 − 1
32π2
SLS
Θ
L +
1
32π2
(SΘL )
2 − 1
32π2
△LSΘL −
1
8π2
∣∣RdetΘ ∣∣2L
+
1
8π2
〈Ric L |RdetΘ 〉L +
1
96π2
△LSL − 1
24π2
|Ric L|2L +
1
96π2
∣∣∣RT 1,0XL ∣∣∣2
L
)
(x), ∀x ∈ X.
(1.19)
In view of Remark 1.4, Theorem 1.6 is a consequence of the calculation in [22, Theorem
0.1].
This work is organized as follows. In Section 2 we introduce some basic notations and recall
some definitions for CR manifolds with circle actions. Section 3 contains a more detailed
description of the geometric quantities which appear in Theorem 1.6. Furthermore, we show
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how some of them are related to geometric objects coming from pseudohermitian geometry
(see Section 3.1, Theorem 3.5). In Section 4 we prove Theorem 1.1 and Theorem 1.6.
2. PRELIMINARIES
2.1. Some standard notations. We use the following notations: N = {1, 2, . . .}, N0 =
N ∪ {0}, R is the set of real numbers, R+ := {x ∈ R; x > 0}, R+ := {x ∈ R; x ≥ 0}. For
a multiindex α = (α1, . . . , αn) ∈ Nn0 we set |α| = α1 + · · ·+ αn. For x = (x1, . . . , xn) we write
xα = xα11 . . . x
αn
n , ∂xj =
∂
∂xj
, ∂αx = ∂
α1
x1
. . . ∂αnxn =
∂|α|
∂xα
.
Let z = (z1, . . . , zn), zj = x2j−1 + ix2j , j = 1, . . . , n, be coordinates of C
n. We write
zα = zα11 . . . z
αn
n , z
α = zα11 . . . z
αn
n ,
∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
− i ∂
∂x2j
)
, ∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
+ i
∂
∂x2j
)
,
∂αz = ∂
α1
z1
. . . ∂αnzn =
∂|α|
∂zα
, ∂αz = ∂
α1
z1
. . . ∂αnzn =
∂|α|
∂zα
.
Let X be a C∞ orientable paracompact manifold. We let TX and T ∗X denote the tangent
bundle of X and the cotangent bundle of X respectively. The complexified tangent bundle
of X and the complexified cotangent bundle of X will be denoted by CTX and CT ∗X re-
spectively. We write 〈 · , · 〉 to denote the pointwise duality between T ∗X and TX. We extend
〈 · , · 〉 bilinearly to CT ∗X × CTX. For u ∈ CT ∗X, v ∈ CTX, we also write u(v) := 〈 u , v 〉.
Let E be a C∞ vector bundle over X. The fiber of E at x ∈ X will be denoted by Ex. Let F
be another vector bundle over X. We write F ⊠ E∗ to denote the vector bundle over X ×X
with fiber over (x, y) ∈ X ×X consisting of the linear maps from Ey to Fx.
Let Y ⊂ X be an open set. The spaces of smooth sections of E over Y and distribution
sections of E over Y will be denoted by C∞(Y,E) and D ′(Y,E) respectively. Let E ′(Y,E) be
the subspace of D ′(Y,E) whose elements have compact support in Y . For m ∈ R, we let
Hm(Y,E) denote the Sobolev space of order m of sections of E over Y . Put
Hmloc (Y,E) =
{
u ∈ D ′(Y,E); ϕu ∈ Hm(Y,E), ∀ϕ ∈ C∞0 (Y )
}
,
Hmcomp (Y,E) = H
m
loc(Y,E) ∩ E ′(Y,E) .
2.2. Definitions and notations from semi-classical analysis. Let Ω be a C∞ paracompact
manifold equipped with a smooth density of integration. Any continuous linear operator
A : C∞0 (Ω)→ D ′(Ω) has a Schwartz distribution kernel, denoted A(x, y) ∈ D ′(Ω×Ω). We say
that A is a smoothing operator if A(x, y) ∈ C∞(Ω × Ω). We say that A is properly supported
if SuppA(x, y) ⊂ Ω × Ω is proper. That is, the two projections: tx : (x, y) ∈ SuppA(x, y) →
x ∈ Ω, ty : (x, y) ∈ SuppA(x, y)→ y ∈ Ω are proper (i.e. the inverse images of tx and ty of all
compact subsets of Ω are compact).
Let H(x, y) ∈ D ′(Ω × Ω). We write H to denote the unique continuous operator H :
C∞0 (Ω)→ D ′(Ω) with distribution kernel H(x, y). In this work, we identify H with H(x, y).
Let W1, W2 be open sets in R
N . An m-dependent continuous operator Am : C
∞
0 (W1) →
D ′(W2) is called m-negligible onW2×W1 if for m large enough Am is smoothing and for any
K ⋐W2 ×W1, any multi-indices α, β and any N ∈ N there exists CK,α,β,N > 0 such that
(2.1)
∣∣∂αx ∂βyAm(x, y)∣∣ ≤ CK,α,β,Nm−N on K.
In that case we write
Am(x, y) = O(m
−∞) onW2 ×W1,
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or
Am = O(m
−∞) onW2 ×W1.
If Am, Bm : C
∞
0 (W1) → D ′(W2) are m-dependent continuous operators, we write Am =
Bm+O(m
−∞) onW2×W1 or Am(x, y) = Bm(x, y)+O(m−∞) onW2×W1 if Am−Bm = O(k−∞)
onW2 ×W1.
Let Am, Bm : C
∞(X) → C∞(X) be m-dependent smoothing operators. We write Am =
Bm+O(m
−∞) on X×X if on every local coordinate patch D, Am = Bm+O(m−∞) on D×D.
Let Fm : H
s(X) → Hs′(X) be a m-dependent continuous operator, where s, s′ ∈ R. We
write
Fm = O(m
n0) : Hs(X)→ Hs′(X), n0 ∈ Z,
if there is a positive constant c independent of m, such that
(2.2) ‖Fmu‖s′ ≤ cmn0 ‖u‖s , ∀u ∈ Hs(X),
where ‖·‖s denotes the usual Sobolev norm on X of order s. It is easy to check that Fm =
O(m−∞) on X × X if and only if Fm = O(m−N) : H−s(X) → Hs(X), for every N > 0 and
s ∈ N.
We recall the definition of the semi-classical symbol spaces
Definition 2.1. Let W be an open set in RN . Let
S(1;W ) :=
{
a ∈ C∞(W ) | ∀α ∈ NN0 : sup
x∈W
|∂αa(x)| <∞
}
,
S0loc (1;W ) :=
{
(a(·, m))m∈R | ∀α ∈ NN0 , ∀χ ∈ C∞0 (W ) : sup
m∈R,m≥1
sup
x∈W
|∂α(χa(x,m))| <∞
}
.
For k ∈ R let
Skloc(1) := S
k
loc(1;W ) =
{
(a(·, m))m∈R | (m−ka(·, m)) ∈ S0loc (1;W )
}
.
Hence a(·, m) ∈ Skloc(1;W ) if for every α ∈ NN0 and χ ∈ C∞0 (W ), there exists Cα > 0 indepen-
dent of m, such that |∂α(χa(·, m))| ≤ Cαmk holds onW .
Consider a sequence aj ∈ Skjloc (1), j ∈ N0, where kj ց −∞, and let a ∈ Sk0loc (1). We say
a(·, m) ∼
∞∑
j=0
aj(·, m) in Sk0loc (1),
if for every ℓ ∈ N0 we have a −
∑ℓ
j=0 aj ∈ Skℓ+1loc (1) . For a given sequence aj as above, we
can always find such an asymptotic sum a, which is unique up to an element in S−∞loc (1) =
S−∞loc (1;W ) := ∩kSkloc (1).
2.3. Set up and terminology. Let (X, T 1,0X) be a compact CR manifold of dimension 2n+1,
n ≥ 1, where T 1,0X is a CR structure of X. That is T 1,0X is a subbundle of rank n of the
complexified tangent bundleCTX, satisfying T 1,0X∩T 0,1X = {0}, where T 0,1X = T 1,0X, and
[V,V] ⊂ V, where V = C∞(X, T 1,0X). We assume that X admits an S1 action: S1 ×X → X.
We write eiθ to denote the S1 action. Let T ∈ C∞(X, TX) be the global real vector field
induced by the S1 action given by (Tu)(x) = ∂
∂θ
(
u(eiθ ◦ x)) |θ=0, u ∈ C∞(X).
Definition 2.2. We say that the S1 action eiθ is CR if [T, C∞(X, T 1,0X)] ⊂ C∞(X, T 1,0X) and
the S1 action is transversal if for each x ∈ X, CT (x) ⊕ T 1,0x X ⊕ T 0,1x X = CTxX. Moreover,
we say that the S1 action is locally free if T 6= 0 everywhere. It should be mentioned that
transversality implies locally free.
8 HENDRIK HERRMANN, CHIN-YU HSIAO, AND XIAOSHAN LI
We assume throughout that (X, T 1,0X) is a compact connected CRmanifold with a transver-
sal CR locally free S1 action eiθ and we let T be the global vector field induced by the S1
action. Let ω0 ∈ C∞(X, T ∗X) be the global real one form determined by 〈ω0 , u 〉 = 0, for
every u ∈ T 1,0X ⊕ T 0,1X and 〈ω0 , T 〉 = −1.
Definition 2.3. For p ∈ X, the Levi form Lp is the Hermitian quadratic form on T 1,0p X given
by Lp(U, V ) = − 12i〈 dω0(p) , U ∧ V 〉, U, V ∈ T 1,0p X.
If the Levi form Lp is positive definite, we say that X is strongly pseudoconvex at p. If the
Levi form is positive definite at every point of X, we say that X is strongly pseudoconvex. We
assume throughout that (X, T 1,0X) is strongly pseudoconvex.
Denote by T ∗1,0X and T ∗0,1X the dual bundles of T 1,0X and T 0,1X respectively. Define
the vector bundle of (p, q) forms by T ∗p,qX = Λp(T ∗1,0X) ∧ Λq(T ∗0,1X). Let Ωp,q(D) denote
the space of smooth sections of T ∗p,qX over D and let Ωp,q0 (D) be the subspace of Ω
p,q(D)
whose elements have compact support in D. For p = q = 0, we write C∞(D) := Ω0,0(D) and
C∞0 (D) := Ω
0,0
0 (D).
Fix θ0 ∈]− π, π[, θ0 small. Let
deiθ0 : CTxX → CTeiθ0xX
denote the differential map of eiθ0 : X → X. By the CR property of the S1 action, we can
check that
deiθ0 : T 1,0x X → T 1,0eiθ0xX,
deiθ0 : T 0,1x X → T 0,1eiθ0xX,
deiθ0(T (x)) = T (eiθ0x).
(2.3)
Let (eiθ0)∗ : Λr(CT ∗X) → Λr(CT ∗X) be the pull-back map by eiθ0 , r = 0, 1, . . . , 2n + 1. From
(2.3), it is easy to see that for every q = 0, 1, . . . , n one has
(2.4) (eiθ0)∗ : T ∗0,q
eiθ0x
X → T ∗0,qx X.
Let u ∈ Ω0,q(X) be arbitrary. Define
(2.5) Tu :=
∂
∂θ
(
(eiθ)∗u
)|θ=0 ∈ Ω0,q(X).
(See also (3.6).) For every θ ∈ R and every u ∈ C∞(X,Λr(CT ∗X)), we write u(eiθ ◦ x) :=
(eiθ)∗u(x). It is clear that for every u ∈ C∞(X,Λr(CT ∗X)), we have
(2.6) u(x) =
∑
m∈Z
1
2π
∫ π
−π
u(eiθ ◦ x)e−imθdθ.
For every m ∈ Z, let
(2.7) Ω0,qm (X) :=
{
u ∈ Ω0,q(X); Tu = imu} , q = 0, 1, 2, . . . , n.
We denote C∞m (X) := Ω
0,0
m (X).
Let ∂b : Ω
0,q(X) → Ω0,q+1(X) be the tangential Cauchy-Riemann operator. From the CR
property of the S1 action, it is straightforward to see that (see also (3.7))
T∂b = ∂bT on Ω
0,q(X)
holds. Hence,
(2.8) ∂b : Ω
0,q
m (X)→ Ω0,q+1m (X), ∀m ∈ Z.
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Definition 2.4. Let D ⊂ U be an open set. We say that a function u ∈ C∞(D) is rigid if
Tu = 0. We say that a function u ∈ C∞(X) is Cauchy-Riemann (CR for short) if ∂bu = 0. We
call u a rigid CR function if ∂bu = 0 and Tu = 0.
Definition 2.5. Let F be a complex vector bundle over X. We say that F is rigid (resp. CR,
resp. rigid CR) if there exists an open cover (Uj)j ofX and trivializing frames
{
f 1j , f
2
j , . . . , f
r
j
}
on Uj , such that the corresponding transition matrices are rigid (resp. CR, resp. rigid CR).
Let F be a rigid (CR) vector bundle overX. In the following, we fix an open cover (Uj)
N
j=1 of
X and a family
{
f 1j , f
2
j , . . . , f
r
j
}N
j=1
of trivializing frames
{
f 1j , f
2
j , . . . , f
r
j
}
on each Uj such that
the entries of the transition matrices between different frames
{
f 1j , f
2
j , . . . , f
r
j
}
are rigid (CR).
For any local trivializing frame {f 1, . . . , f r} of F on an open setD, we say that {f 1, . . . , f r} is a
rigid (CR) frame if the entries of the transition matrices between {f 1, . . . , f r} and {f 1j , . . . , f rj }
are rigid (CR), for every j, and we call D a local rigid (CR) trivialization. We can define the
operator T on Ω0,q(X,F ) in the standard way.
Definition 2.6. Let F be a complex rigid vector bundle over X and let 〈 · | · 〉F be a Hermitian
metric on F . We say that 〈 · | · 〉F is a rigid Hermitian metric if for every rigid local frames
f1, . . . , fr of F , we have T 〈 fj | fk 〉F = 0, for every j, k = 1, 2, . . . , r.
We notice that Definition 2.6 above depends on the fixed open cover (Uj)
N
j=1 of X and
a family
{
f 1j , f
2
j , . . . , f
r
j
}N
j=1
of trivializing frames
{
f 1j , f
2
j , . . . , f
r
j
}
on each Uj such that the
entries of the transition matrices between different frames
{
f 1j , f
2
j , . . . , f
r
j
}
are rigid.
It is well-known that there is a rigid Hermitian metric on any rigid vector bundle F (see
Theorem 2.10 in [6] and Theorem 10.5 in [16]). Note that Baouendi-Rothschild-Treves [1]
proved that T 1,0X is a rigid complex vector bundle over X. More precisely, by arranging an
atlas of BRT trivializations, it is easy to see that that T 1,0X is a rigid CR vector bundle over
X. In this work, we will fix an open BRT trivialization cover (Uj)
N
j=1 of X and a family of
BRT frames {Zj}nj=1 on each Uj (see Theorem 3.1 for the definitions of BRT trivializations
and BRT frames).
From now on, take a rigid Hermitian metric 〈 · | · 〉 on CTX such that T 1,0X ⊥ T 0,1X,
T ⊥ (T 1,0X ⊕ T 0,1X), 〈 T | T 〉 = 1. We denote by dvX = dvX(x) the volume form on X
induced by the fixed Hermitian metric 〈 · | · 〉 on CTX. Then we get natural global L2 inner
products ( · | · ) on Ω0,q(X). We denote by L2(0,q)(X) the completion of Ω0,q(X) with respect to
( · | · ). For f ∈ L2(0,q)(X), we denote ‖f‖2 := ( f | f ). For eachm ∈ Z, we denote by L2(0,q),m(X)
the completion of Ω0,qm (X) with respect to ( · | · ). For q = 0, we write L2(X) := L2(0,0)(X),
L2m(X) := L
2
(0,0),m(X).
3. RIGID CR GEOMETRY
In this section, we will introduce some rigid geometric functions on CR manifolds with S1
action which appear in Theorem 1.6.
We would like to introduce these geometric quantities via local computations. Therefore
we need the following result on local coordinates due to Baouendi-Rothschild-Treves [1].
Theorem 3.1. For every point x0 ∈ X, we can find local coordinates x = (x1, · · · , x2n+1) =
(z, θ) = (z1, · · · , zn, θ), zj = x2j−1 + ix2j , j = 1, · · · , n, x2n+1 = θ, defined in some small
neighborhood D = {(z, θ) : |z| < δ,−ε0 < θ < ε0} of x0, δ > 0, 0 < ε0 < π, such that
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(z(x0), θ(x0)) = (0, 0) and
T =
∂
∂θ
Zj =
∂
∂zj
+ i
∂ϕ
∂zj
(z)
∂
∂θ
, j = 1, · · · , n
(3.1)
where Zj(x), j = 1, · · · , n, form a basis of T 1,0x X, for each x ∈ D and ϕ(z) ∈ C∞(D,R)
independent of θ. We call (D, (z, θ), ϕ) BRT trivialization, x = (z, θ) canonical coordinates and
{Zj}nj=1 BRT frames.
In order to prove that the geometric objects which will arise from local calculations using
BRT trivializations are independent of the choice of such coordinates we have to understand
the transition maps between BRT trivialisations. For the following result see Theorem II.1
and Proposition I.2 in [1].
Lemma 3.2. Let (D, (z, θ), ϕ) be a BRT trivialization and let y = (y1, . . . , y2n+1) = (w, γ),
wj = y2j−1 + iy2j, j = 1, . . . , n, γ = y2n+1, be another canonical coordinates on D. Write
T =
∂
∂γ
,
Z˜j =
∂
∂wj
+ i
∂ϕ˜
∂wj
(w)
∂
∂γ
, j = 1, . . . , n,
(3.2)
where Z˜j(y), j = 1, . . . , n, form a basis of T
1,0
y X, for each y ∈ D, and ϕ˜(w) ∈ C∞(D,R)
independent of γ. Then,
w = (w1, . . . , wn) = (H1(z), . . . , Hn(z)) = H(z), Hj(z) ∈ C∞, ∀j,
γ = θ +G(z), G(z) ∈ C∞,(3.3)
where for each j = 1, . . . , n, Hj(z) is holomorphic.
From (3.3), we can check that
(3.4) dwj =
n∑
l=1
(
∂Hj
∂zl
)
dzl, j = 1, . . . , n.
Remark 3.3. By using BRT trivialization, we get another way to define Tu, ∀u ∈ Ω0,q(X). Let
(D, (z, θ), ϕ) be a BRT trivialization. It is clear that
{dzj1 ∧ · · · ∧ dzjq , 1 ≤ j1 < · · · < jq ≤ n}
is a basis for T ∗0,qx X, for every x ∈ D. Let u ∈ Ω0,q(X). On D, we write
(3.5) u =
∑
1≤j1<···<jq≤n
uj1···jqdzj1 ∧ · · · ∧ dzjq .
Then on D we can check that
(3.6) Tu =
∑
1≤j1<···<jq≤n
(Tuj1···jq)dzj1 ∧ · · · ∧ dzjq
and Tu is independent of the choice of BRT trivializations. Note that on BRT trivialization
(D, (z, θ), ϕ), we have
(3.7) ∂b =
n∑
j=1
dzj ∧ ( ∂
∂zj
− i ∂ϕ
∂zj
(z)
∂
∂θ
).
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Let us return to our situation. We now introduce the geometric objects used in our main
result Theorem 1.6. The Levi form Lp induces a Hermitian metric 〈 · | · 〉L on CTX given by
〈U | V 〉L = 1
2π
〈 idω0 , U ∧ V 〉, ∀U, V ∈ T 1,0X,
T 1,0X ⊥ T 0,1X ⊥ CT,
〈 T | T 〉L = 1,
〈U | V 〉L = 〈U | V 〉L, ∀U, V ∈ T 0,1X.
(3.8)
The Hermitian metric 〈 · | · 〉L on CTX induces a Hermitian metric on ⊕2n+1r=1 Λr(CT ∗X), also
denoted by 〈 · | · 〉L. For u ∈ Λr(CT ∗X), we denote |u|2L := 〈 u | u 〉L.
Let △L be as in (1.8). Let (D, (z, θ), ϕ) be a BRT trivialization. We have
(3.9) △L = (−2)
n∑
j,k=1
〈 dzj | dzk 〉L
( ∂
∂zj
+ i
∂ϕ
∂zj
(z)
∂
∂θ
)( ∂
∂zk
− i ∂ϕ
∂zk
(z)
∂
∂θ
)
.
Let x = (z, θ) be canonical coordinates on an open set D ⊂ X. Let
(3.10)
1
n!
(
(− 1
2π
dω0)
n ∧ (−ω0)
)
(x) = a(x)dx1 · · · dx2n+1 on D,
where a(x) ∈ C∞(D). The rigid scalar curvature SL is given by
(3.11) SL(x) := △L(log a(x)).
Let y = (y1, . . . , y2n+1) = (w, γ), wj = y2j−1+iy2j, j = 1, . . . , n, γ = y2n+1, be another canonical
coordinates on D. Let
(3.12)
1
n!
(
(− 1
2π
dω0)
n ∧ (−ω0)
)
(y) = a˜(y)dy1 · · · dy2n+1 on D,
where a˜(y) ∈ C∞(D). From (3.3), we can check that
(3.13) a˜(y)
∣∣∣∣∣det
(
∂Hj
∂zk
)n
j,k=1
∣∣∣∣∣
2
= a(x), y = (w, γ), x = (z, θ), w = H(z), γ = θ +G(z).
From (3.9), (3.13) and
△L(log
∣∣∣∣∣det
(
∂Hj
∂zk
)n
j,k=1
∣∣∣∣∣
2
) = 0,
we can check that △L(log a(x)) = △L(log a˜(y)) holds on D and hence the rigid scalar curva-
ture SL(x) is well-defined with SL(x) ∈ C∞(X), TSL(x) = 0.
Let SΘL (x) andRdetΘ (x) be as in (1.12) and (1.13) respectively. We can repeat the procedure
above with minor change and check that SΘL (x) and RdetΘ (x) are well-defined.
The rigid Chern connection
(3.14) ∇T 1,0XL : C∞(X, T 1,0X)→ C∞(X,CT ∗X ⊗ T 1,0X)
on T 1,0X with respect to 〈 · | · 〉L is defined as follows. Let (D, (z, θ), ϕ) be a BRT trivialization
and let Zj, j = 1, . . . , n, be as in (3.1). Set
(3.15) hj,k = hj,k(z) = 〈 ∂
∂zj
+ i
∂ϕ
∂zj
∂
∂θ
| ∂
∂zk
+ i
∂ϕ
∂zk
∂
∂θ
〉L, j, k = 1, . . . , n.
Put
(3.16) h = h(z) = (hj,k)
n
j,k=1 , j, k = 1, . . . , n,
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and h−1 =
(
hj,k
)n
j,k=1
, where h−1 is the inverse matrix of h. Furthermore, set
θ = θ(z) = ∂bh · h−1 = (θj,k(z))nj,k=1 , θj,k(z) ∈ T ∗1,0x X, x = (z, θ), j, k = 1, . . . , n.
Then,
∇T 1,0XL : C∞(X, T 1,0X)→ C∞(X,CT ∗X ⊗ T 1,0X)
U =
n∑
j=1
ajZj →
n∑
j=1
daj ⊗ Zj +
n∑
j,k=1
ajθj,k ⊗ Zk, aj ∈ C∞(D), 1 ≤ j ≤ n.
(3.17)
It is straightforward to check that the definition of ∇T 1,0XL is independent of the choice of
BRT trivialization and hence it is globally defined. The rigid Chern curvature with respect to
〈 · | · 〉L is given by
RT
1,0X
L = ∂bθ =
(
∂bθj,k
)n
j,k=1
= (Rj,k)nj,k=1 ∈ C∞(X, T ∗1,1X ⊗ End (T 1,0X)),
RT
1,0X
L (U, V ) ∈ End (T 1,0X), ∀U, V ∈ T 1,0X,
RT
1,0X
L (U, V )ξ =
n∑
j,k=1
〈Rj,k , U ∧ V 〉ξkZj, ξ =
n∑
j=1
ξjZj, U, V ∈ T 1,0X.
(3.18)
It is straightforward to check that the definition of RT
1,0X
L is independent of the choice of BRT
trivialization and hence it is globally defined.
3.1. Pseudohermitian geometry. In this section we will prove that the the rigid scalar curva-
ture SL given by (3.11) and the rigid Chern curvature given by (3.18) are just Tanaka-Webster
scalar curvature and Tanaka-Webster curvature respectively up to some constants. We recall
Tanaka-Webster curvature and scalar curvature first. For this moment, we do not assume that
(X, T 1,0X) has a transversal CR S1 action, that is, we only assume that (X, T 1,0X) is a general
orientable strongly pseudoconvex CR manifold of dimension 2n+ 1, n ≥ 1. Let
HX :=
{
U ∈ TX ; U = W +W, for someW ∈ T 1,0X} .
ThenHX is a subbundle of TX of dimension 2n. Let J : HX → HX be the complex structure
map given by
J : HX → HX,
U = W +W,W ∈ T 1,0X,→ √−1W −√−1 W.
Since X is orientable, there is a θ0 ∈ C∞(X, T ∗X) which annihilates exactly HX. Any such
θ0 is called a pseudohermitian structure on X. Then there is a unique vector field T ∈
C∞(X, TX) on X such that
θ0(T ) ≡ 1, dθ0(T, ·) ≡ 0.
The following is well-known
Proposition 3.4 (Proposition 3.1 in [27] ). With the notations above, there is a unique linear
connection (Tanaka-Webster connection) denoted by ∇ : C∞(X, TX) → C∞(X, T ∗X ⊗ TX)
satisfying the following conditions:
(a) The contact structure HX is parallel, i.e., ∇UC∞(X,HX) ⊂ C∞(X,HX) for U ∈
C∞(X, TX).
(b) The tensor fields T, J, dθ0 are all parallel, i.e., ∇T = 0,∇J = 0,∇dθ0 = 0.
(c) The torsion τ of ∇ satisfies: τ(U, V ) = dθ0(U, V )T , τ(T, JU) = −Jτ(T, U), U, V ∈
C∞(X,HX).
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Recall that ∇J ∈ C∞(X, T ∗X ⊗ EndHX), ∇dθ0 ∈ C∞(X, T ∗X ⊗ Λ2(CT ∗X)) are de-
fined by (∇UJ)W = ∇U(JW ) − J∇UW , where U ∈ C∞(X, TX), W ∈ C∞(X,HX), and
∇Udθ0(W,V ) = Udθ0(W,V ) − dθ0(∇UW,V ) − dθ0(W,∇UV ) for U, V,W ∈ C∞(X, TX). By
(a) and ∇J = 0 in (b), we have ∇UC∞(X, T 1,0X) ⊂ C∞(X, T 1,0X) and ∇UC∞(X, T 0,1X) ⊂
C∞(X, T 0,1X) for U ∈ C∞(X, TX). Moreover, ∇J = 0 and ∇dθ0 = 0 imply that the Tanaka-
Webster connection is compatible with the Webster metric. That is,
(3.19) Udθ0(W,V ) = dθ0(∇UW,V ) + dθ0(W,∇UV ), ∀U, V,W ∈ C∞(X, TX).
By definition, the torsion of ∇ is given by τ(W,U) = ∇WU − ∇UW − [W,U ] for U, V ∈
C∞(X, TX) and τ(T, U) for U ∈ C∞(X,HX) is called pseudohermitian torsion.
Let {Zα}nα=1 be a local frame of T 1,0X and let {θα}nα=1 be the dual frame of {Zα}nα=1. Write
Zα = Zα, θ
α = θα. Write
∇Zα = ωβα ⊗ Zβ, ∇Zα = ωβα ⊗ Zβ, ∇T = 0.
We call ωβα the connection form of Tanaka-Webster connection with respect to the frame
{Zα}nα=1.We denote by Θβα the Tanaka-Webster curvature form. We have Θβα = dωβα−ωγα ∧ωβγ .
It is easy to check that
(3.20) Θβα = R
β
α jk
θj ∧ θk + A βα jkθj ∧ θk +B βα jkθj ∧ θk + C ∧ θ0, C is a one form.
We call R β
α jk
the pseudohermitian curvature tensor and its trace
(3.21) Rαk :=
n∑
j=1
R
j
α jk
is called pseudohermitian Ricci tensor. Write dθ0 = igαβθ
α ∧ θβ. Let {gσβ} be the inverse
matrix of {gαβ}. The Tanaka-Webster Scalar curvature R with respect to the pseudohermitian
structureθ0 is given by
(3.22) R = gkαRαk.
Theorem 3.5. Let R(x) ∈ C∞(X) denotes Tanaka-Webster Scalar curvaturethe on X with re-
spect to the pseudohermitian structure θ0 = −dω0. Then, SL(x) = 4πR(x), for every x ∈ X,
where SL denotes the rigid Scalar curvature given by (1.10).
Proof. Let {Zα}nα=1 be the local frame of T 1,0X given by some BRT trivialization (see Theorem
3.1). Then {dzα}nα=1 is a dual frame of {Zα}nα=1. Write Zα = Zα, θα = dzα, θα = θα. From
(1.1) and (3.1), we have d(−ω0) = igαβθα ∧ θβ, where gαβ = 2 ∂
2ϕ(z)
∂zα∂zβ
. As before, write
∇Zα = ωβα ⊗ Zβ,∇Zα = ωβα ⊗ Zβ,∇T = 0.
From (3.19) and by direct calculation we find ωβα = g
σβ∂bgασ, where {gσβ} is the inverse
matrix of {gαβ}. Since T is an infinitesimal CR automorphism, Webster [29] showed that the
pseudohermitian torsion vanishes on X, thus (3.20) becomes
(3.23) Θβα = R
β
α jk
θj ∧ θk.
Again, a direct calculation leads to hj,k =
1
2π
gjk and
(3.24) R β
α jk
θj ∧ θk = −2gσβ ∂
4ϕ(z)
∂zα∂zσ∂zj∂zk
dzj ∧ dzk − ∂gασ
∂zj
∂gσβ
∂zk
dzj ∧ dzk.
Then we get
(3.25) θj,k = ∂bhj,l · hl,k = ∂bgjl · glk = ωkj .
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Thus, from (3.18) and (3.25) we have
Rj,k = ∂bθj,k = ∂b(∂bgjl · glk) = glk∂b∂bgjl − ∂bgjl ∧ ∂bglk = R kj αβθα ∧ θβ = Θkj .
Now given any point x0 ∈ X we can choose coordinates (z1, · · · , zn, θ) in the BRT trivialization
such that
(3.26) gαβ(x0) = λαδ
β
α,
∂gασ
∂zj
(x0) =
∂gσβ
∂zk
(x0) = 0
holds. Thus, at x0 one has R
β
α jk
(x0) = (−2) 1λβ
∂4ϕ(z)
∂zα∂zβ∂zj∂zk
∣∣∣
x0
. The pseudohermitian Ricci
tensor is given by
(3.27) Rαk(x0) =
n∑
j=1
R
j
α jk
(x0) = (−2)
n∑
j=1
1
λj
∂4ϕ(z)
∂zα∂zj∂zj∂zk
∣∣∣
x0
.
From (3.27), the Tanaka-Webster scalar curvature is given by
(3.28) R(x0) = g
kα(x0)Rαk(x0) = (−2)
n∑
j,k=1
1
λj
1
λk
∂4ϕ(z)
∂zk∂zj∂zj∂zk
∣∣∣
x0
.
From (3.10), by direct calculation, one finds a(x) = 1
πn
det gαβ on D and a(x0) =
λ1···λn
πn
. By
definition,
(3.29)
SL(x0) = △L(log a(x))
∣∣∣
x0
= (−2)(2π)gkj ∂
2
∂zj∂zk
log a(x)
∣∣∣
x0
= (−2)(2π)
n∑
j=1
1
λj
∂2
∂zj∂zj
log a(x)
∣∣∣
x0
.
From (3.26) and by direct calculation, we have
(3.30)
∂2
∂zj∂zj
log a(x)
∣∣∣
x0
=
1
a(x0)
∂2
∂zj∂zj
a(x)
∣∣∣
x0
and
∂2
∂zj∂zj
a(x)
∣∣∣
x0
=
1
πn
∂2 det gαβ
∂zj∂zj
∣∣∣
x0
=
1
πn
n∑
k=1
∂2gkk
∂zj∂zj
det gαβ
gkk
∣∣∣
x0
=
2
πn
n∑
k=1
∂4ϕ
∂zj∂zj∂zk∂zk
(x0)
λ1 · · ·λn
λk
.
(3.31)
Thus from (3.30) and (3.31), we have
(3.32) SL(x0) = −8π
n∑
j,k=1
1
λj
1
λk
∂4ϕ(z)
∂zk∂zj∂zj∂zk
∣∣∣
x0
.
Combining (3.28) and (3.32), we conclude
(3.33) SL(x0) = 4πR(x0).

SZEGO˝ KERNEL ASYMPTOTIC EXPANSION ON STRONGLY PSEUDOCONVEX CR MANIFOLDS WITH S1 ACTION 15
4. SZEGO˝ KERNEL ASYMPTOTIC EXPANSION
In this section, we will prove Theorem 1.1 and Theorem 1.6. The section is organized as
follows. We start by recalling and proving some basic facts about the Kohn Laplacian and its
restriction to equivariant functions (see Section 4.1). In Section 4.2 we adapt some results
on local Bergman kernel expansion to the BRT trivialized setting. In Section 4.3 we use these
adapted results to get an approximation for the m-th Fourier component of the Szego˝ kernel.
Using this approximation, we prove Theorem 1.1 and Theorem 1.6 in Section 4.4.
4.1. Kohn Laplacians. Since T∂b = ∂bT , we have
∂b,m := ∂b : C
∞
m (X)→ Ω0,1m (X), ∀m ∈ Z.
We also write
∂
∗
b : Ω
0,1(X)→ C∞(X)
to denote the formal adjoint of ∂b with respect to ( · | · ). Since 〈 · | · 〉 is rigid, we can check
that
T∂
∗
b = ∂
∗
bT on Ω
0,1(X),
∂
∗
b,m := ∂
∗
b : Ω
0,1
m (X)→ C∞m (X), ∀m ∈ Z.
(4.1)
The Kohn Laplacian for functions is given by
(4.2) b := ∂
∗
b∂b : C
∞(X)→ C∞(X).
Now, we fix m ∈ Z. The m-th Fourier component of Kohn Laplacian for functions is given
by
(4.3) b,m := ∂
∗
b,m∂b,m : C
∞
m (X)→ C∞m (X).
We extend b,m to L
2
m(X) by
(4.4) b,m : Domb,m ⊂ L2m(X)→ L2m(X) ,
where Domb,m := {u ∈ L2m(X); b,mu ∈ L2m(X)} and for any u ∈ L2m(X), b,mu is defined
in the sense of distribution. It is well-known that b,m is self-adjoint, Specb,m is a discrete
subset of [0,∞[ and for every ν ∈ Specb,m, ν is an eigenvalue of b,m (see Section 3 in [6]).
The following is well-known (see Theorem 3.10 in [19])
Theorem 4.1. Let µm be the lowest non-zero eigenvalue of b,m. There exist constants c1 >
0, c2 > 0 not depending on m such that for m ∈ N, we have
(4.5) µm ≥ c1m− c2.
Let Sm : L
2(X) → Kerb,m be the orthogonal projection and let Sm(x, y) ∈ C∞(X × X)
be the distribution kernel of Sm. It is clear that Sm(x, x) = Sm(x), for every x ∈ X, where
Sm(x) ∈ C∞(X) is given by (1.3).
For s ∈ Z, let Hs(X) denote the Sobolev space for functions on X of order s and let ‖·‖s
denote the standard Sobolev norm of order s with respect to ( · | · ). First, we need
Lemma 4.2. For every s ∈ N0, there are constants Cs > 0 and Ns > 0 independent of m such
that
(4.6) ‖Smu‖2s ≤ CsmNs ‖u‖−2s for all u ∈ H−2s(X).
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Proof. By Ga¨rding inequality, for every s ∈ N0, it is easy to see that there are constants Cs > 0
and Ns > 0 independent of m such that
(4.7) ‖Smu‖s+2 ≤ CsmNs
(
‖(b,m − T 2)Smu‖s + ‖Smu‖s
)
, ∀ u ∈ L2(X).
From (4.7), by using induction and notice that
T 2Smu = −m2Smu, ∀u ∈ L2(X),
‖Smu‖ ≤ ‖u‖ , ∀u ∈ L2(X),
it is straightforward to see that for every s ∈ N0, there are constants C˜s > 0 and N˜s > 0
independent of m such that
(4.8) ‖Smu‖2s ≤ C˜s,mmN˜s ‖u‖ , ∀u ∈ L2(X).
From (4.8), we deduce that
Sm : H
−2sX → L2(X),
‖Smu‖ ≤ C˜s,mmN˜s ‖u‖−2s , ∀u ∈ H−2s(X).
(4.9)
Fix s ∈ N0. From (4.8) and (4.9), we have
‖Smu‖2s = ‖SmSmu‖2s ≤ C˜s0mN˜s ‖Smu‖ ≤ (C˜s)2m2N˜s ‖u‖−2s , ∀u ∈ H−2s(X).
The lemma follows. 
Let Nm : L
2
m(X)→ Domb,m be the partial inverse of b,m. We have
b,mNm + Sm = I on L
2
m(X),
Nmb,m + Sm = I on Domb,m.
(4.10)
We need
Lemma 4.3. For every s ∈ N0, there are constants Cˆs > 0 and Nˆs > 0 independent of m such
that
(4.11) ‖Nmu‖s+2 ≤ CˆsmNˆs ‖u‖s for all u ∈ Hs(X)
⋂
L2m(X).
Proof. We will prove (4.11) by induction over s ∈ N0. By Ga¨rding inequality, it is easy to see
that there are constants C˜ > 0, N˜ > 0 independent of m such that
(4.12) ‖Nmu‖2 ≤ C˜mN˜
(
‖(b,m − T 2)Nmu‖+ ‖Nmu‖
)
, ∀u ∈ L2m(X).
From (4.10), we have
(4.13) (b,m − T 2)Nmu = (I − Sm)u+m2Nmu.
From (4.13) and Theorem 4.1, we see that there are constants Cˆ > 0 and Nˆ > 0 independent
of m satisfying
(4.14) ‖Nmu‖+
∥∥(b,m − T 2)Nmu∥∥ ≤ CˆmNˆ ‖u‖ , ∀u ∈ L2m(X).
From (4.14) and (4.12), we see that (4.11) holds for s = 0.
We assume that (4.11) holds for some s0 ∈ N0. We are going to prove that (4.11) holds for
s0 + 1. By Ga¨rding inequality, it is easy to see that there are constants C˜s0 > 0 and N˜s0 > 0
independent of m such that
‖Nmu‖s0+3
≤ C˜s0mN˜
s0
(
‖(b,m − T 2)Nmu‖s0+1 + ‖Nmu‖s0+1
)
, ∀u ∈ Hs0+1(X)
⋂
L2m(X).
(4.15)
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From (4.10), we have
(4.16) (b,m − T 2)Nmu = (I − Sm)u+m2Nmu.
From (4.8), we have
(4.17) ‖Smu‖s0+1 ≤ ‖Smu‖2(s0+1) ≤ cs0mNs0 ‖u‖ ≤ cs0mNs0 ‖u‖s0+1 ,
where cs0 > 0, Ns0 are constants independent of m. By induction hypothesis, we have
(4.18) ‖Nmu‖s0+1 ≤ ‖Nmu‖s0+2 ≤ cˆs0mNˆs0 ‖u‖s0 ≤ cˆs0mNˆs0 ‖u‖s0+1 ,
where cˆs0 > 0, Nˆs0 are constants independent of m. From (4.18), (4.17), (4.16) and (4.15),
we see that (4.11) holds for s0 + 1. The lemma follows. 
4.2. Approximate Bergman kernels on BRT trivializations. From now on, we fix m ∈ Z.
Let B := (D, (z, θ), ϕ) be a BRT trivialization. We may assume that D = U×] − ε, ε[, where
ε > 0 and U is an open set of Cn. Consider L → U be a trivial line bundle with non-
trivial Hermitian fiber metric |1|2hL = e−2ϕ. Let (Lm, hL
m
) → U be the m-th power of (L, hL).
Let Ω0,q(U, Lm) be the space of (0, q) forms on U with values in Lm, q = 0, 1, 2, . . . , n. Put
C∞(U, Lm) := Ω0,0(U, Lm). Let 〈 · , · 〉 be the Hermitian metric on CTU given by
〈 ∂
∂zj
,
∂
∂zk
〉 = 〈 ∂
∂zj
+ i
∂ϕ
∂zj
(z)
∂
∂θ
| ∂
∂zk
+ i
∂ϕ
∂zk
(z)
∂
∂θ
〉, j, k = 1, 2, . . . , n.
The Hermitian metric 〈 · , · 〉 induces Hermitian metrics on T ∗p,qU bundle of (p, q) forms on U ,
p, q = 0, 1, . . . , n, also denoted by 〈 · , · 〉. Let dvU be the volume form on U induced by 〈 · , · 〉.
Note that dvX = dvU(x)dθ on D. Let ( · , · )m be the L2 inner product on Ω0,q(U, Lm) induced
by 〈 · , · 〉 and hLm , q = 0, 1, 2, . . . , n. Let ∂ : C∞(U, Lm)→ Ω0,1(U, Lm) be the Cauchy-Riemann
operator and let ∂
∗,m
: Ω0,1(U, Lm) → C∞(U, Lm) be the formal adjoint of ∂ with respect to
( · , · )m. Put
(4.19) B,m := ∂
∗,m
∂ : C∞(U, Lm)→ C∞(U, Lm).
We need the following result which is well-known (see Lemma 5.1 in [6])
Lemma 4.4. Let u ∈ C∞m (X) be a function. On D, we write u(z, θ) = eimθu˜(z), u˜(z) ∈
C∞(U, Lm). Then,
(4.20) e−mϕB,m(e
mϕu˜) = e−imθb,m(u).
Let A : C∞0 (U) → C∞(U) be a smoothing operator and let A(z, w) ∈ C∞(U × U) be the
distribution kernel of A with respect to dvU . Note that
(Au)(z) =
∫
A(z, w)u(w)dvU(w), ∀u ∈ C∞0 (U).
The following theorem is well-known (see Theorem 3.11 and Theorem 3.12 in [15])
Theorem 4.5. There is a properly supported smoothing operator PB,m : C
∞(U)→ C∞(U) such
that
(4.21) PB,m ◦ e−mϕ ◦B,m ◦ emϕ = O(m−∞) on U × U,
(4.22) emϕPB,me
−mϕu = u, for all u ∈ C∞(U) with B,mu = 0,
hold and the distribution kernel PB,m(z, w) of PB,m satisfies
(4.23) PB,m(z, w) = e
imΨB(z,w)bB(z, w,m) +O(m
−∞),
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with
bB(z, w,m) ∈ Snloc (1;U × U),
bB(z, w,m) ∼
∞∑
j=0
bB,j(z, w)m
n−j in Snloc (1;D ×D),
bB,j(z, w) ∈ C∞(D ×D), j = 0, 1, 2, . . . ,
(4.24)
ΨB(z, w) ∈ C∞(U × U), Ψ(z, w) = 0 ⇔ z = w and for every compact set K ⋐ U , there is a
constant cK > 0 such that
(4.25) ImΨB(z, w) ≥ cK |z − w|2 , ∀(z, w) ∈ K ×K.
Remark 4.6. It is well-known that (see page 29 in Grigis and Sjo¨strand [12]) there is a smooth
function χ(x, y) ∈ C∞(U ×U) with Suppχ is proper and χ(x, y)− 1 vanishes to infinite order
at x = y. We can replace PB,m(z, w) by PB,m(z, w)χ(z, w) and we can take bB(z, w,m) and
bB,j(z, w), j = 0, 1, 2, . . ., are all properly supported. From now on, we assume that bB(z, w,m)
and bB,j(z, w), j = 0, 1, 2, . . ., are all properly supported.
In [15], we also determine bB,j(z, z), j = 0, 1, 2. To state the results, we need to introduce
some notations. Let RL := 2∂∂ϕ and let R˙L ∈ C∞(U,End (T 1,0U)) be the Hermitian matrix
defined by
(4.26) 〈 R˙L(x)V , W 〉 = 〈RL(x) ,V ∧W 〉.
Put
(4.27) ω :=
√−1
2π
RL.
The real two form ω induces a Hermitian metric 〈 · , · 〉ω on CTU . The Hermitian metric
〈 · , · 〉ω on CTU induces a Hermitian metric on T ∗p,qU ⊗ T ∗r,sU , p, q, r, s ∈ N0, also denoted
by 〈 · , · 〉ω. For u ∈ T ∗p,qU , we denote |u|2ω := 〈 u, u 〉ω.
Let Θ be the real two form induced by 〈 · , · 〉. Put
ω =
√−1
n∑
j,k=1
ωj,kdzj ∧ dzk,
ΘU =
√−1
n∑
j,k=1
Θj,kdzj ∧ dzk.
(4.28)
We notice that Θj,k = 〈 ∂∂zj , ∂∂zk 〉, ωj,k = 〈 ∂∂zj , ∂∂zk 〉ω, j, k = 1, . . . , n. Put
(4.29) h = (hj,k)
n
j,k=1 , hj,k = ωk,j, j, k = 1, . . . , n,
and h−1 =
(
hj,k
)n
j,k=1
, h−1 is the inverse matrix of h. The complex Laplacian with respect to ω
is given by
(4.30) △ω = (−2)
n∑
j,k=1
hj,k
∂2
∂zj∂zk
.
We notice that hj,k = 〈 dzj , dzk 〉ω, j, k = 1, . . . , n. Put
Vω := det (ωj,k)
n
j,k=1 ,
VΘU := det (Θj,k)
n
j,k=1
(4.31)
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and set
r = △ω log Vω,
rˆ = △ω log VΘU .
(4.32)
The function r is called the scalar curvature with respect to ω. Let RdetΘU be the curvature of the
determinant line bundle of T ∗1,0U with respect to the real two form ΘU . Recall the identity
(4.33) RdetΘU = ∂∂ log VΘU .
Let h be as in (4.29). Put α = h−1∂h = (αj,k)
n
j,k=1, αj,k ∈ T ∗1,0U , j, k = 1, . . . , n. α is the
Chern connection matrix with respect to ω. The Chern curvature with respect to ω is given by
RTUω = ∂α =
(
∂αj,k
)n
j,k=1
= (Rj,k)nj,k=1 ∈ C∞(U, T ∗1,1U ⊗ End (T 1,0U)),
RTUω (V ,W) ∈ End (T 1,0U), ∀V,W ∈ T 1,0U,
RTUω (V ,W)ξ =
n∑
j,k=1
〈Rj,k ,V ∧W 〉ξk ∂
∂zj
, ξ =
n∑
j=1
ξj
∂
∂zj
, V,W ∈ T 1,0U.
(4.34)
Set
(4.35)
∣∣RTUω ∣∣2ω :=
n∑
j,k,s,t=1
∣∣〈RTUω (ej, ek)es , et 〉ω∣∣2 ,
where e1, . . . , en is an orthonormal frame for T
1,0U with respect to 〈 · , · 〉ω. It is straightforward
to see that the definition of
∣∣RTUω ∣∣2ω is independent of the choices of orthonormal frames. Thus,∣∣RTUω ∣∣2ω is globally defined. The Ricci curvature with respect to ω is given by
(4.36) Ric ω := −
n∑
j=1
〈RTUω (·, ej)· , ej 〉ω,
where e1, . . . , en is an orthonormal frame for T
1,0U with respect to 〈 · , · 〉ω. That is,
〈Ric ω ,V ∧W 〉 = −
n∑
j=1
〈RTUω (V, ej)W , ej 〉ω, V,W ∈ CTU.
Ric ω is a smooth (1, 1) form.
The following result is well-known (see Section 4.5 in [15])
Theorem 4.7. With the notations used above, for bB,0(z, z), bB,1(z), bB,2(z) in (4.24), we have
(4.37) bB,0(z, z) = (2π)
−n det R˙L(z),
(4.38) bB,1(z, z) = (2π)
−n det R˙L(z)
( 1
4π
rˆ − 1
8π
r
)
(z),
bB,2(z, z) = (2π)
−n det R˙L(z)
( 1
128π2
r2 − 1
32π2
rrˆ +
1
32π2
(rˆ)2 − 1
32π2
△ωrˆ − 1
8π2
∣∣RdetΘU ∣∣2ω
+
1
8π2
〈Ric ω , RdetΘU 〉ω +
1
96π2
△ωr − 1
24π2
|Ric ω|2ω +
1
96π2
∣∣RTUω ∣∣2ω)(z).
(4.39)
We remind that R˙L is given by (4.26) and
det R˙L(z) = λ1(z) · · ·λn(z),
where λ1(z), . . . , λn(z) are eigenvalues of R˙
L(z).
The following follows from straightforward calculation. We omit the details.
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Lemma 4.8. We have
det R˙L(z) = det R˙(z, θ), ∀(z, θ) ∈ D,
rˆ(z) = SΘL (z, θ), r(z) = SL(z, θ), ∀(z, θ) ∈ D,
△ωrˆ(z) = △LSΘL (z, θ), △ωr(z) = △LSL(z, θ), ∀(z, θ) ∈ D,∣∣RdetΘU ∣∣2ω (z) = ∣∣RdetΘ ∣∣2L (z, θ), |Ric ω|2ω (z) = |Ric L|2L (z, θ), ∀(z, θ) ∈ D,
〈Ric ω , RdetΘU 〉ω(z) = 〈Ric L |RdetΘ 〉L(z, θ),
∣∣RTUω ∣∣2ω (z) = ∣∣∣RT 1,0XL ∣∣∣2L (z, θ), ∀(z, θ) ∈ D,
(4.40)
where R˙(x) ∈ End(T 1,0x X) is given by (1.16), det R˙(x) = λ1(x) · · ·λn(x), λ1(x), . . . , λn(x) are
eigenvalues of R˙(x), △L, SΘL , SL, RdetΘ , Ric L, RT 1,0XL are given by (1.8), (1.12), (1.10), (1.13),
(1.15) and (3.18) respectively and 〈 · | · 〉L is as in the discussion after (??).
From Theorem 4.7 and (4.40), we deduce
Theorem 4.9. With the notations used above, for bB,0(z, z), bB,1(z, z), bB,2(z, z) in (4.24), we
have
(4.41) bB,0(z, z) = (2π)
−n det R˙(z, θ), ∀(z, θ) ∈ D,
(4.42) bB,1(z, z) = (2π)
−n det R˙(z, θ)
( 1
4π
SΘL −
1
8π
SL
)
(z, θ), ∀(z, θ) ∈ D,
bB,2(z, z) = (2π)
−n det R˙(z, θ)
( 1
128π2
(SL)
2 − 1
32π2
SLS
Θ
L +
1
32π2
(SΘL )
2 − 1
32π2
△LSΘL −
1
8π2
∣∣RdetΘ ∣∣2L
+
1
8π2
〈Ric L |RdetΘ 〉L +
1
96π2
△LSL − 1
24π2
|Ric L|2L +
1
96π2
∣∣∣RT 1,0XL ∣∣∣2
L
)
(z, θ), ∀(z, θ) ∈ D.
(4.43)
4.3. Approximate Szego˝ kernels. Assume that X = D1
⋃
D2
⋃ · · ·⋃DN , where Bj :=
(Dj , (z, θ), ϕj) is a BRT trivialization, for each j. We may assume that for each j, Dj =
Uj×]− 4δ, 4δ[⊂ Cn × R, Uj = {z ∈ Cn; |z| < γj} and δ > 0 is a small constant satisfying
(4.44) 0 < δ < inf
{
π
pt
,
∣∣∣∣2πpr − 2πpr+1
∣∣∣∣ , r = 1, . . . , t− 1
}
.
For each j, put Dˆj = Uˆj×] − δ2 , δ2 [, where Uˆj =
{
z ∈ Cn; |z| < γj
2
}
. We may suppose that
X = Dˆ1
⋃
Dˆ2
⋃ · · ·⋃ DˆN . Let χj ∈ C∞0 (Dˆj), j = 1, 2, . . . , N , with ∑Nj=1 χj = 1 on X. Fix
j = 1, 2, . . . , N and choose σj ∈ C∞0 (]− δ2 , δ2 [)with
∫
σj(θ)dθ = 1. Let PBj ,m(z, w) ∈ C∞(Uj×Uj)
be as in Theorem 4.5. Put
Hj,m(x, y) = χj(x)e
imθPBj ,m(z, w)e
−imησj(η),(4.45)
where x = (z, θ), y = (w, η) ∈ Cn × R. Let Hj,m be the continuous operator
Hj,m : C
∞(X)→ C∞(X),
u→
∫
χj(x)e
imθPBj ,m(z, w)e
−imησj(η)u(y)dvX(y).
(4.46)
Since PBj ,m is properly supported, (4.46) is well-defined.
Let Qm : L
2(X)→ L2m(X) be the orthogonal projection with respect to ( · | · ). Consider
(4.47) Γm :=
N∑
j=1
Hj,m ◦Qm : C∞(X)→ C∞(X)
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and let Γm(x, y) ∈ C∞(X × X) be the distribution kernel of Γm. Let ΨBj(z, w), bBj (z, w,m),
bBj ,k(z, w), k = 0, 1, 2, . . ., be as in Theorem 4.5. Let σˆj ∈ C∞0 (] − δ, δ[) such that σˆj = 1 on
some neighbourhood of Supp σj and σˆj(θ) = 1 if (z, θ) ∈ Suppχj . Put
ΨˆBj (x, y) = σˆj(θ)ΨBj (z, w)σˆj(η) ∈ C∞(Dj ×Dj), x = (z, θ), y = (w, η),
bˆBj ,m(x, y) = χj(x)e
imθbBj ,m(t, z, w)e
−imησj(η),
bˆBj ,k(x, y) = χj(x)e
imθbBj ,k(z, w)e
−imησj(η), k = 0, 1, 2, . . . .
(4.48)
It is not difficult to check that
Γm(x, y) =
1
2π
N∑
j=1
∫ π
−π
Hj,m(x, e
iu ◦ y)eimudu
=
1
2π
N∑
j=1
∫ π
−π
e
imΨˆBj (x,e
iu◦y)
bˆBj ,m(x, e
iu ◦ y)eimudu.
(4.49)
Lemma 4.10. We have ΓmSm = Sm on C
∞(X).
Proof. Let f ∈ C∞(X) be a function and set Smf = u. Then one has u ∈ Kerb,m
⋂
C∞m (X).
On Dj , set Qmu = e
imηvj(w), vj(w) ∈ C∞(Uj). From Lemma 4.4, we see that Bj ,m(emϕjvj) =
0 holds. From this observation and (4.22), we have
(4.50) PBj ,mvj = vj on Uj .
From (4.50), (4.46) and since PBj ,m is properly supported, we have
Hj,mQmu =
∫
χj(x)e
imθPBj ,m(z, w)e
−imησj(η)e
imηvj(w)dvUj(w)dη
=
∫
χj(x)e
imθPBj ,m(z, w)vj(w)dvUj(w) = χj(x)e
imθvj(z) = χju.
Thus, Γmu =
∑N
j=1Hj,m ◦Qmu =
∑N
j=1 χju = u. The lemma follows. 
Lemma 4.11. We have Γmb = O(m
−∞) on X ×X.
Proof. Let f ∈ C∞(X) be a function. Fix j = 1, 2, . . . , N . On Dj, set Qmf = eimηvj(w),
vj(w) ∈ C∞(Uj). From (4.46) and Lemma 4.4, we have
Hj,mQmbf = Hj,mb,mQmf
=
∫
χj(x)e
imθPBj ,m(z, w)e
−imησj(η)(b,mQmf)(w, η)dvUj(w)dη
=
∫
χj(x)e
imθPBj ,m(z, w)σj(η)e
−mϕj(w)Bj ,m(e
mϕjvj)(w)dvUj(w)dη
=
∫
χj(x)e
imθPBj ,m(z, w)e
−mϕj(w)Bj ,m(e
mϕjvj)(w)dvUj(w)
=
∫
χj(x)e
imθ(PBj ,m ◦ e−mϕj ◦Bj ,m ◦ emϕj )(z, w)vj(w)dvUj(w)
=
∫
χj(x)e
imθ(PBj ,m ◦ e−mϕj ◦Bj ,m ◦ emϕj )(z, w)e−imησj(η)(Qmf)dvUj(w)dη
=
∫
Km(x, y)(Qmf)dvUj(w)dη,
(4.51)
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where Km(x, y) := χj(x)e
imθ(PBj ,m ◦ e−mϕj ◦Bj ,m ◦ emϕj )(z, w)e−imησj(η). In view of (4.21),
we know that
(4.52) Km(x, y) = O(m
−∞) on Dj ×Dj.
Note that Km(x, y) ∈ C∞0 (Dj × Dj). From (4.51), we see that the distribution kernel of
Hj,mQmb is given by (Km ◦ Qm)(x, y). From (4.52), it is easy to see that (Km ◦ Qm)(x, y) =
O(m−∞) on Dj × Dj . Thus, we have Hj,mQmb = O(m−∞) on Dj × Dj and hence Γmb =
O(m−∞) on X ×X. The lemma follows. 
Let Γ∗m : C
∞(X) → C∞m (X) be the adjoint of Γm with respect to ( · | · ). From Lemma 4.10
and Lemma 4.11, we deduce
Theorem 4.12. With the notations above, we have
(4.53) SmΓ
∗
m = Sm on C
∞(X)
and
(4.54) bΓ
∗
m = O(m
−∞) on X ×X.
Now we can prove
Theorem 4.13. With the notations used above, we have Γm = Sm +O(m
−∞) on X ×X.
Proof. From (4.10), we have
(4.55) NmbQm + SmQm = Qm on C
∞(X).
From (4.55) and (4.53), we have
Γ∗m = QmΓ
∗
m = (NmbQm + Sm)Γ
∗
m
= NmbQmΓ
∗
m + SmΓ
∗
m
= NmbΓ
∗
m + Sm.
(4.56)
From (4.54) and (4.11), we conclude that
NmbΓ
∗
m = O(m
−N) : H−s(X)→ Hs(X)
holds for every s ∈ N and N > 0. Hence, we find NmbΓ∗m = O(m−∞) on X ×X. From this
identity and (4.56), we deduce Γ∗m = Sm + O(m
−∞) on X × X. Since Sm is self-adjoint, we
conclude Γm = Sm +O(m
−∞) on X ×X. The theorem follows. 
4.4. The proof of Theorem 1.1 and Theorem 1.6. We will use the same notations as in
Theorem 1.1 and Theorem 1.6. Take
(4.57) 0 < δ < inf
{
π
pt
,
∣∣∣∣2πpr − 2πpr+1
∣∣∣∣ , r = 1, . . . , t− 1
}
.
For x ∈ X and every r = 1, 2, . . . , t, set
(4.58) dˆδ(x,X
r
sing ) := inf
{
d(x, e−iθx); δ ≤ θ ≤ 2π
pr
− δ
}
.
Note that for any 0 < δ, δ1 satisfying (4.57), dˆδ(x,X
r
sing ) and dˆδ1(x,X
r
sing ) are equivalent. We
shall denote dˆ(x,Xrsing ) := dˆδ(x,X
r
sing ). The following is well-known (see Theorem 6.5 in [6])
Theorem 4.14. There is a constant C ≥ 1 such that
1
C
d(x,Xrsing ) ≤ dˆ(x,Xrsing ) ≤ Cd(x,Xrsing ), ∀x ∈ X.
SZEGO˝ KERNEL ASYMPTOTIC EXPANSION ON STRONGLY PSEUDOCONVEX CR MANIFOLDS WITH S1 ACTION 23
Let
Γ0m(x, y) =
1
2π
N∑
j=1
∫ 2δ
−2δ
Hj,m(x, e
iu ◦ y)eimudu
=
1
2π
N∑
j=1
∫ 2δ
0
e
imΨˆBj (x,e
iu◦y)
bˆBj ,m(x, e
iu ◦ y)eimudu.
(4.59)
It is easy to check that
Γ0m(x, x) ∼ mnb0(x) +mn−1b1(x) +mn−2b2(x) + · · · in Snloc (1, X),
bk(x) =
1
2π
N∑
j=1
χj(x)bBj ,k(z, z) ∈ C∞(X), k = 0, 1, 2, . . . ,
(4.60)
and
(4.61) b0(x) = (2π)
−n−1 det R˙(x),
(4.62) b1(x) = (2π)
−n−1 det R˙(x)
( 1
4π
SΘL −
1
8π
SL
)
(x),
b2(x) = (2π)
−n−1 det R˙(x)
( 1
128π2
(SL)
2 − 1
32π2
SLS
Θ
L +
1
32π2
(SΘL )
2 − 1
32π2
△LSΘL −
1
8π2
∣∣RdetΘ ∣∣2L
+
1
8π2
〈Ric L |RdetΘ 〉L +
1
96π2
△LSL − 1
24π2
|Ric L|2L +
1
96π2
∣∣∣RT 1,0XL ∣∣∣2
L
)
(x).
(4.63)
Theorem 4.15. With the notations used above, there is an ε0 > 0 such that for any r = 1, . . . , t
and any differential operator Pℓ : C
∞(X)→ C∞(X) of order ℓ ∈ N0, there is a C > 0 such that∣∣∣∣∣Pℓ
(
Γm(x, x)−
pr∑
s=1
e
2π(s−1)
pr
miΓ0m(x, x)
)∣∣∣∣∣
≤ Cmn+ ℓ2 e−ε0md(x,Xrsing )2 , ∀x ∈ Xr.
(4.64)
Proof. We first prove (4.64) when Pℓ is the identity map. Let Bj := (Dj , (z, θ), ϕj), Dˆj,
j = 1, . . . , N be as in the beginning of Section 4.3. We will use the same notations as in
Section 4.3. For each j, we have Dj = Uj×] − 4δ, 4δ[⊂ Cn × R, Dˆj = Uˆj×] − δ2 , δ2 [⊂ Cn × R,
δ > 0, Uj = {z ∈ Cn; |z| < γj}, Uˆj =
{
z ∈ Cn; |z| < γj
2
}
. Recall that δ > 0 satisfies (4.57). We
may assume that 4 |δ| < 2π
p
. Recall that X = Dˆ1
⋃ · · ·⋃ DˆN . It is straightforward to see that
there is an εˆ0 > 0 such that for each j = 1, . . . , N , we have
εˆ0d((z1, θ1), (z2, θ1)) ≤ |z1 − z2| ≤ 1
εˆ0
d((z1, θ1), (z2, θ1)), ∀(z1, θ1), (z2, θ1) ∈ Dˆj ,
εˆ0d((z1, θ1), (z2, θ1))
2 ≤ ΨBj(z1, z2) ≤
1
εˆ0
d((z1, θ1), (z2, θ1))
2, ∀(z1, θ1), (z2, θ1) ∈ Dˆj ,
(4.65)
where ΨBj (z, w) is as in (4.23).
Fix x0 ∈ Xpr . Fix j = 1, 2, . . . , N . Assume that x0 ∈ Dˆj and suppose that x0 = (z0, θ0) ∈ Dˆj.
We claim
if eiθ ◦ x0 = (z˜, η˜) ∈ Dˆj , for some θ ∈ [2δ, 2πpr − 2δ],
then |z − z˜| ≥ εˆ0dˆ(x0, Xrsing )
(4.66)
where dˆ(x0, X
r
sing ) = dˆδ(x0, X
r
sing ) is as in (4.58).
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proof of the claim. We have
|z0 − z˜| = |(z0, θ0)− (z˜, θ0)| =
∣∣(z0, θ0)− e−iη˜+iθ0(z˜, η˜)∣∣
=
∣∣x0 − ei(−η˜+θ0) ◦ eiθ ◦ x0∣∣ .(4.67)
Note that |−η˜ + θ0| ≤ δ holds. From this observation, (4.67) and (4.65) we have
|z˜ − z0| ≥ εˆ0 inf
{
d(eiu ◦ eiθ ◦ x0, x0); |u| ≤ δ
}
≥ εˆ0 inf
{
d(eiθ ◦ x0, x0); δ ≤ θ ≤ 2π
pr
− δ
}
= εˆ0dˆ(x0, X
r
sing ).
(4.68)
The claim follows. 
From (4.49), we have
Γm(x0, x0)
=
1
2π
N∑
j=1
∫ 2π
0
e
imΨˆBj (x0,e
iu◦x0)bˆBj ,m(x0, e
iu ◦ x0)eimudu
=
1
2π
pr∑
s=1
e
2π(s−1)
pr
mi
N∑
j=1
∫ 2π
pr
0
e
imΨˆBj (x0,e
iu◦x0)bˆBj ,m(x0, e
iu ◦ x0)eimudu
=
1
2π
pr∑
s=1
e
2π(s−1)
pr
mi
N∑
j=1
∫
u∈[2δ, 2π
pr
−2δ]
e
imΨˆBj (x0,e
iu◦x0)bˆBj ,m(x0, e
iu ◦ x0)eimudu
+
1
2π
pr∑
s=1
e
2π(s−1)
pr
mi
N∑
j=1
∫ 2δ
−2δ
e
imΨˆBj (x0,e
iu◦x0)bˆBj ,m(x0, e
iu ◦ x0)eimudu
=
1
2π
pr∑
s=1
e
2π(s−1)
pr
mi
N∑
j=1
∫
u∈[2δ, 2π
pr
−2δ]
e
imΨˆBj (x0,e
iu◦x0)bˆBj ,m(x0, e
iu ◦ x0)eimudu
+
pr∑
s=1
e
2π(s−1)
pr
miΓ0m(x0, x0).
(4.69)
From (4.65), (4.66) and Theorem 4.14, there are ε0 > 0 and C0 > 0 independent of k and x0
such that ∣∣∣∣∣ 12π
pr∑
s=1
e
2π(s−1)
pr
mi
N∑
j=1
∫
u∈[2δ, 2π
pr
−2δ]
e
imΨˆBj (x0,e
iu◦x0)bˆBj ,m(x0, e
iu ◦ x0)eimudu
∣∣∣∣∣
≤ C0mne−ε0md(x0,Xrsing )2 , ∀m > 0.
(4.70)
From (4.70) and (4.69), we get the theorem when Pℓ is the identity map.
Now, let’s consider general Pℓ. For simplicity, we only prove (4.64) when ℓ = 1. For
general Pℓ, the proof is similar. Fix x0 ∈ Xpr . Fix j = 1, 2, . . . , N . Assume that x0 ∈ Dˆj and
suppose that x0 = (z0, θ0) ∈ Dˆj . Let x = (z, θ) be the canonical coordinates of X on Dˆj,
zk = x2k−1 + ix2k, j = 1, . . . , n, x2n = θ. For every k = 1, 2, . . . , 2n, we have
(4.71)
∂
∂xk
(∫ 2π
0
e
imΨˆBj (x,e
iu◦x)
bˆBj ,m(x, e
iu ◦ x)eimudu
)
=
∫ 2π
0
e
imΨˆBj (x,e
iu◦x)
b˜kBj ,m(x, e
iu ◦ x)eimudu,
where
(4.72) b˜kBj ,m(x, e
iu ◦ x) = im
( ∂
∂xk
ΨˆBj(x, e
iu ◦ x)
)
bˆBj ,m(x, e
iu ◦ x) + ∂
∂xk
bˆBj ,m(x, e
iu ◦ x).
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We can repeat the procedure (4.69) with minor change and get that
∂
∂xk
(∫ 2π
0
e
imΨˆBj (x,e
iu◦x)
bˆBj ,m(x, e
iu ◦ x)eimudu
)
|x=x0
=
pr∑
s=1
e
2π(s−1)
pr
mi
∫
u∈[2δ, 2π
pr
−2δ]
e
imΨˆBj (x0,e
iu◦x0)b˜kBj ,m(x0, e
iu ◦ x0)eimudu
+
pr∑
s=1
e
2π(s−1)
pr
mi ∂
∂xk
(∫ 2δ
−2δ
e
imΨˆBj (x,e
iu◦x)
bˆBj ,m(x, e
iu ◦ x)eimudu
)
|x=x0.
(4.73)
From the fact that ΨBj((z, θ), (z, η)) = 0 and
∂
∂xk
ΨˆBj (x, e
iu ◦ x) = O(|z − z′|), where x =
(z, θ) ∈ Dˆj , eiu ◦ x = (z′, θ′) ∈ Dˆj , and by using the claim (4.66), we conclude that for every
u ∈ [2δ, 2π
pr
− 2δ], we have
(4.74)
∣∣∣˜bkBj ,m(x0, eiu ◦ x0)∣∣∣ ≤ Cmn(md(x0, Xrsing ) + 1),
where C > 0 is a constant independent of x0 and u. From (4.73) and (4.74), we deduce that∣∣∣ ∂
∂xk
(∫ 2π
0
e
imΨˆBj (x,e
iu◦x)
bˆBj ,m(x, e
iu ◦ x)eimudu
)
|x=x0
−
pr∑
s=1
e
2π(s−1)
pr
mi ∂
∂xk
( ∫ 2δ
−2δ
e
imΨˆBj (x,e
iu◦x)
bˆBj ,m(x, e
iu ◦ x)eimudu
)
|x=x0
∣∣∣
≤ C1mn+ 12 e−ε0md(x0,Xrsing )2 ,
(4.75)
where C1 > 0 and ε0 > 0 are constants independent of x0 and ε0 > 0 is independent of the
derivative ∂
∂xk
. On Dˆj , write
Pℓ =
2n∑
k=1
ak(x)
∂
∂xk
+ a2n+1(x)T, ak ∈ C∞(Dˆj), k = 1, 2, . . . , 2n+ 1.
Let P 0ℓ =
∑2n
k=1 ak(x)
∂
∂xk
. From (4.75), we deduce that∣∣∣P 0ℓ (
∫ 2π
0
e
imΨˆBj (x,e
iu◦x)
bˆBj ,m(x, e
iu ◦ x)eimudu
−
pr∑
s=1
e
2π(s−1)
pr
mi
∫ 2δ
−2δ
e
imΨˆBj (x,e
iu◦x)
bˆBj ,m(x, e
iu ◦ x)eimudu
)
|x=x0
∣∣∣
≤ C2
( 2n∑
k=1
∣∣∣ ∂
∂xk
( ∫ 2π
0
e
imΨˆBj (x,e
iu◦x)
bˆBj ,m(x, e
iu ◦ x)eimudu
)∣∣∣
x=x0
−
pr∑
s=1
e
2π(s−1)
pr
mi ∂
∂xk
(∫ 2δ
−2δ
e
imΨˆBj (x,e
iu◦x)
bˆBj ,m(x, e
iu ◦ x)eimudu
)
|x=x0
∣∣∣)
≤ C3mn+ 12 e−ε1md(x0,Xrsing )2 ,
(4.76)
where C2 > 0, C3 > 0 and ε1 > 0 are constants independent of x0 and ε1 > 0 is independent
of P 0ℓ . From (4.76), we obtain∣∣∣Pℓ(Γm(x, x)− pr∑
s=1
e
2π(s−1)
pr
miΓ0(x, x)
)
|x=x0
∣∣∣
≤ Cˆ0
(
mn+
1
2 e−ε2md(x0,X
r
sing )
2
+
∣∣∣T(Γm(x, x)− pr∑
s=1
e
2π(s−1)
pr
miΓ0(x, x)
)
|x=x0
∣∣∣),
(4.77)
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where Cˆ0 > 0 and ε2 > 0 are constants independent of x0 and ε2 > 0 is independent of Pℓ. Let
us estimate
∣∣∣T(Γm(x, x) − pr∑
s=1
e
2π(s−1)
pr
miΓ0(x, x)
)
|x=x0
∣∣∣). We can repeat the procedure (4.69)
with minor change and deduce that∣∣∣T(Γm(x, x)− pr∑
s=1
e
2π(s−1)
pr
miΓ0(x, x)
)
|x=x0
∣∣∣ ≤ Cˆ1mn+1e−εmd(x0,Xrsing )2 ,(4.78)
where Cˆ1 > 0 and ε > 0 are constants independent of x0 and ε > 0 is independent of
the derivative T . Since Γm(x, x) = Sm(x) + O(m
−∞) and TSm(x) = 0, we deduce that
TΓm(x, x) = O(m
−∞). Moreover, from (4.60), we find |TΓ0m(x, x)| ≤ Cˆmn, for every x ∈ X,
where Cˆ > 0 is a constant. From this observation, we conclude∣∣∣T(Γm(x, x)− pr∑
s=1
e
2π(s−1)
pr
miΓ0(x, x)
)
|x=x0
∣∣∣ ≤ C˜1mn,(4.79)
where C˜1 > 0 is a constant independent of x0. From (4.78) and (4.79), we get∣∣∣T(Γm(x, x)− pr∑
s=1
e
2π(s−1)
pr
miΓ0(x, x)
)
|x=x0
∣∣∣ ≤ C˜2mn+ 12 e−ε˜md(x0,Xrsing )2 ,(4.80)
where C˜2 > 0 and ε˜ > 0 are constants independent of x0 and ε˜ > 0 is independent of the
derivative T . From (4.77) and (4.80), we get (4.64) when ℓ = 1. For general Pℓ, the proof is
similar. 
From Theorem 4.13, Theorem 4.15, (4.60), (4.61), (4.62) and (4.63), we get Theorem 1.1
and Theorem 1.6.
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